Abstract: The Kaluza-Klein linear dilaton background of the bosonic string and the Scherk-Schwarz linear dilaton background of the superstring are shown to be unstable to the decay of half of spacetime. The decay proceeds via a condensation of a semi-localized tachyon when the circle is smaller than a critical size, and via a semiclassical instanton process when the circle is larger than the critical size. At criticality the two pictures are related by a duality of the corresponding two-dimensional conformal field theories. This provides a concrete realization of the connection between tachyonic and semiclassical instabilities in closed string theory, and lends strong support to the idea that non-localized closed string tachyon condensation leads to the annihilation of spacetime.
Introduction
In a now classic paper, Witten demonstrated that the Kaluza-Klein (KK) vacuum of five-dimensional gravity is unstable to decay semiclassically via a "bubble of nothing" [1] . The bubble is nucleated by an instanton process described by the five-dimensional Euclidean Schwarzschild black hole, and then expands at a speed approaching the speed of light. Witten's result has been generalized to other cases, such as the KK magnetic field background [2] , supergravity fluxbranes [3] , twisted circle compactifications in supergravity [4] , and in particular Scherk-Schwarz (SS) compactification. The semiclassical description of the decay in terms of a gravitational instanton is valid as long as R ≫ l P . As the radius of the circle decreases the (super)gravity description eventually breaks down, and must be replaced with string theory. However one does not in general know the exact string backgrounds corresponding to these instantons.
String theory in non-supersymmetric backgrounds often exhibits another type of instability as well, namely one associated with tachyonic modes. The stable background in these cases is given by a tachyon condensate. Since this corresponds to an off-shell state in the original background, we need to use off-shell techniques like string field theory and worldsheet renormalization group analysis to study the stable background. This program has been most successful for open string tachyons living on unstable D-branes, where both open string field theory and boundary RG analysis support the intuitive conjecture that the true vacuum corresponds to the closed string vacuum without the branes [5] . Closed string tachyons have been more challenging. On the one hand closed string field theory is much more complicated than open string field theory due to its non-polynomiality, 2 and on the other hand the worldsheet RG approach is generally hampered by Zamolodchikov's c-theorem. Conceptually, the question of closed string tachyons is expected to be harder since closed string theories are theories of gravity, and the dynamics of the tachyon is strongly correlated with the structure of spacetime. A simple analogy with open string tachyons suggests that the condensation of closed string tachyons should lead to the decay of spacetime itself. However we do not know what this means in the context of the original string theory.
The above discussion raises two questions. The first is whether we can get a better handle on the fate of backgrounds with closed string tachyons, and the second is whether there is a connection between tachyonic and semiclassical instabilities in closed string theory.
Recently some progress has been made on the first question in the context of closed string tachyons which are localized on lower dimensional hypersurfaces in space.
There are a few examples of backgrounds with localized closed string tachyons for which we have strong evidence regarding the nature of the tachyon condensate [7, 8] . One example is the cone orbifold C/Z N [9] . Tachyons in the twisted sector of the orbifold are localized at the tip of the cone, and it has been argued, based on a Dbrane probe analysis, that the condensation of these tachyons leads to a reduction in the rank N, and thereby to a smoothing out of the singularity. Further support for this picture comes from worldsheet RG analysis [9, 10, 11] , and closed string field theory [12, 13] . Another example consists of a SS circle which shrinks locally in the transverse directions, leading to a localized winding tachyon [14] . RG analysis suggests that the condensation of this tachyon leads to a topology change in space, whereby the circle pinches and the transverse space splits at that point. Localized winding tachyons may also play a role in resolving cosmological singularities [15, 16] , black hole physics [17, 18, 19] , and chronology protection [20] . In both examples the effect of the tachyon is felt only locally, and the bulk of spacetime remains intact. It would be nice to have an example with a non-localized tachyon.
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The second question is interesting since, if true, it would demystify somewhat the role of closed string tachyons. Semiclassical instabilities provide a clear geometrical picture for the decay of an unstable background, at least in the regime where the lowenergy approximation is valid. 4 De Alwis and Flournoy have conjectured that when continued past this regime, the instability would eventually become tachyonic [4] . As evidence for this they list several examples of string backgrounds, such as the SS circle, which exhibit a semiclassical instability in one regime of the moduli space (R >> 1), and a tachyonic instability in another regime (R < 1). In field theory we are used to such a transition. Consider for example λφ 4 field theory with λ < 0. If m 2 > 0 the origin φ = 0 is a local minimum, which is unstable to decay by tunneling out to φ = ±m/ √ −λ, and then rolling down. If m 2 < 0 the origin is a local maximum, i.e. tachyonic, and the field decays by rolling (Fig. 1) . In both cases the post-decay state is the same. In closed string theory the picture is less clear because on the one hand we don't have a good description of the tachyon condensate, and on the other hand the semiclassical regime is very far from the tachyonic regime. An approach which may shed some light on both questions is to focus on the point in moduli space where the tachyon becomes massless. At this point the tachyon condensate would correspond to an on-shell state (if the corresponding vertex operator is exactly marginal), and the true vacuum would be described by an exact two-dimensional CFT. In fact the first hard evidence for Sen's conjecture about open string tachyons came from this direction. Sen considered an unstable Dp-brane wrapped on a circle of radius R, and a unit KK momentum "kink" mode of the open string tachyon [27] . This mode becomes massless when R = 1/2, and the corresponding operator is exactly marginal. The condensate of this mode is described by an exact CFT given by the boundary Sine-Gordon model, whose solution interpolates between Neumann and Dirichlet boundary conditions on the circle [28, 29] , which in turn implies that the tachyon kink corresponds to a D(p − 1)-brane. A simple closed string example of this is the winding tachyon in the SS compactification of Type II string theory at R = 1, or the bosonic string at R = 2. The worldsheet field theory of the tachyon condensate is given by the massless limit of the Sine-Gordon model. However as far as we can tell, it is not known whether this theory is an exact CFT.
There exists a related theory which is an exact CFT, given by the Sine-Liouville model. Motivated by this, and by the conjectured duality of the Sine-Liouville model and the cigar (SL(2, C)/SU(2))/U(1) CFT [30, 31] , we set out to study the instability of the linear dilaton background compactified on a circle (with SS boundary conditions in Type II). 5 The Sine-Liouville model describes the massless limit, at R = √ k, where k is the level of SL(2) current algebra in the dual CFT, of a tachyon which condenses in an exponential profile, i.e. a semi-localized tachyon. The dual cigar background clearly shows that the condensate corresponds geometrically to a smooth truncation of the relevant two-dimensional part of the space from an infinite cylinder to a semiinfinite cigar (Fig. 2) . A similar decay was argued to occur in finite temperature string theory on AdS below the Hagedorn temperature [33, 34] . An open string version of this was recently discussed in [19] . Interestingly, this example also gives an explicit connection between a tachyonic instability and a semiclassical instability. We will show that the cigar is a type of bubble spacetime which results from a bounce, and that this can be generalized to larger radii (but not smaller). For R > √ k the KK (or SS) linear dilaton background is therefore unstable to decay semiclasically into a cigar-like spacetime, and for R < √ k it is unstable due to a semi-localized tachyon. The two instabilities are equivalent at R = √ k. Furthermore, since k can be made large the supergravity approximation remains valid all the way down to the transition point.
The rest of the paper is organized as follows. In section 2 we review the relevant features of the cigar, the duality between the cigar and the Sine-Liouville model, and a three-dimensional deformation of the cigar. In section 3 we put the Sine-Liouville model and the cigar in the context of the instability of the KK (or SS) linear dilaton background. We show that the cigar can be interpreted as a type of bubble of nothing resulting from a gravitational bounce, and generalize this to larger radii using a deformed cigar background. We then compute the classical decay rate due to bubble nucleation. In section 4 we show, using a generalized cigar-Sine-Liouville duality, that the semiclassical decay of the KK linear dilaton via the gravitational bounce can also be described as a field-theoretic tunneling process of the massive scalar field corresponding to the semi-localized tachyon for R > √ k. In section 5 we address the question of the negative mode in the Euclidean backgrounds, which is relevant for the quantumcorrected decay rate. Section 6 contains our conclusions. We have also included an appendix containing a description of the spectrum in the post-decay background.
Review of some known results
We begin by reviewing some known results which we will use in the following sections. These include the two-dimensional cigar, the conjectured duality between the cigar and Sine-Liouville theory, and a certain three-dimensional deformation of the cigar.
The cigar
The two-dimensional cigar is described by the metric and dilaton [35, 36, 37] 
where φ is a periodic coordinate with φ ∼ φ+2π. In string theory the cigar corresponds to an exact conformal field theory given by the coset (SL(2, C)/SU(2))/U(1), where the parameter k in the metric corresponds to the level of the SL(2) current algebra. The central charge in the bosonic string case is given by
There exists also a supersymmetric version of the cigar CFT [38] with a central charge c = 3(k + 2)/k, and an odd spin structure at r → ∞.
The basic set of local operators (ignoring the oscillators) is labeled by three quantum numbers {j, m,m}, where j is associated with the dependence on r, and m andm are related to the momentum and winding around the cigar as
The conformal dimensions of these operators are given by
In the supersymmetric case k − 2 is replaced by k in the j dependent part. There are two kinds of states in this background. First, there are bulk states which can propagate along the cigar. These are ordinary normalizable states which are the same as the states in the asymptotic linear dilaton background. In particular, they have a continuous spectrum with j = −1/2 + is, where s ∈ R. Second, there are states which are localized at the tip of the cigar with j ∈ R [39] . Unitarity places a bound on j given by j < (k − 2)/2 (j < k/2 in the supersymmetric case), and since the formulas for the conformal dimensions (2.4) are invariant under the replacement j → −j − 1 one can restrict to j > −1/2. These states are non-normalizable in general, however as argued in [38, 40, 41] a subset of them given by
(and k → k + 2 in the supersymmetric case) are normalizable. Note that the upper bound on j is tighter than the one imposed by unitarity. The cigar CFT is closely related to the SL(2, R) WZW model, i.e. to AdS 3 [42] . The bulk states correspond to the continuous representations of SL(2, R) (the long strings), and the normalizable localized states to the discrete representations (the short strings), including their images under spectral flow.
FZZ duality
It has been conjectured that the cigar CFT is equivalent to the Sine-Liouville model [30, 31] (see also [43] ) given by
. This is a linear dilaton CFT with
and a Sine-Liouville interaction. The central charge of this theory is c = 2 + 6Q 2 . Equating this with the central charge of the cigar (2.2) gives Q 2 = 1/(k − 2). An analogous conjecture relates N = 2 Liouville theory [44] to the supersymmetric version of the cigar coset CFT [45, 46, 47, 48] , in which case Q 2 = 1/k. In the Sine-Liouville model x 2 is a periodic coordinate with period 2πR. The radius is taken to be R = √ k, in agreement with the asymptotic radius of the cigar (2.1). Requiring the Sine-Liouville potential to be marginal then fixes b = −1/Q. In the asymptotic weakly-coupled region both the cigar and Sine-Liouville model look like a cylinder with a linear dilaton, and the coordinates are identified (for large k) as r ∼ Qx 1 and φ ∼ x 2 / √ k. The local operators discussed above correspond in the Sine-Liouville model to
with scaling dimensions
where
Bulk states therefore correspond to operators with a = −Q + ip 1 , exactly as in the free linear-dilaton theory, and the normalizable localized states (localized near the Liouville wall) are given by 11) or the same with w φ → −w φ . In particular the Sine-Liouville potential itself corresponds to the localized state with a = −1/Q (or equivalently j = (k − 4)/2 in the bosonic string, and j = (k − 2)/2 in the superstring), n φ = 0 and w φ = 1.
Deformed cigar
A background which generalizes the cigar can be obtained by the J 3J 3 deformation of SL(2, R) defined by the coset [49, 50] 
The corresponding metric, dilaton and B field are given (in the string frame) by
where α is the deformation parameter. The original SL(2, R) corresponds to α = 1.
In the limit α → ∞ the background reduces to cigar × R, and for α → 0 it becomes trumpet × R. For α < 0 the geometry is Euclidean; it can be continued to a Lorentzian spacetime by replacing t → it, but then B becomes imaginary, so the background is not physical. We will be interested in the geometries with α > 1, which can be regarded as deformations of cigar × R. The classical supergravity approximation is valid for k ≫ 1 and e 2Φ 0 ≪ 1. The asymptotic geometry is that of a cylinder with radius
8 Note that the non-trivial asymptotic B field will affect the spectrum of winding states. In our application we will consider a closely related background with a B-field whose (φ, t) component vanishes asymptotically, so that the asymptotic background is the ordinary KK (or SS) linear dilaton.
The background (2.13) actually corresponds to an infinite cover of the coset (2.12). For the single cover t is periodic with t ∼ t + 2π. We can define the Nth cover by replacing t → Nt, and the infinite cover corresponds to N → ∞ with non-compact time [54] .
The spectrum of this background is most easily obtained by T-dualizing along t [54] . Since T-duality of a timelike coordinate is problematic we will define it by Tdualizing the Euclidean geometry with α < 0, and analytically continuing to α > 1.
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The T-dual background is given by
and a trivial B field. Redefining φ = φ − t ′ /(kN) and t ′ = t ′ /(kN), we see that this is basically a cigar × S 1 , but with the identifications
This is the orbifold (cigar × U(1) −αk )/Z kN . The spectrum is obtained by tensoring the cigar part of the spectrum {j, n φ , w φ } with the U(1) −αk part, labeled by momentum and winding numbers { n ′ t , w ′ t }, including twisted sectors labeled by γ ∈ Z kN , and projecting onto the Z kN invariant sector. The invariant states must satisfy
The twist γ corresponds to a fractional winding in φ, as can be seen from the relations between the winding numbers in the φ, t ′ and φ, t ′ coordinates, 17) and from γ = w ′ t mod kN.
3. The decay of the KK linear dilaton
The background
Our initial background is R 1,1 × S 1 × M D−3 with a linear dilaton,
where x 2 ∼ x 2 +2πR. We will consider both the bosonic string and Type II strings. For Type II strings we impose anti-periodic boundary conditions on the fermions, i.e. SS compactification, so that spacetime supersymmetry is broken. The three-dimensional part of the background given by (x 1 , x 2 , t) corresponds to a free linear-dilaton CFT 
where N is the level of the SU(2) current algebra which defines the S 3 . In the Type II case this is the CHS model [55] , which corresponds to the near-horizon geometry of N extremal NS5-branes [56] .
The spectrum of local operators in the oscillator ground state is given by
where O a,p 2 is the same as (2.8), and O D−3 is a ground state local operator in M D−3 . Bulk states, as before, correspond to operators with a = −Q + ip 1 . Operators with a ∈ R correspond to localized (or more properly semi-localized) states, which in the absence of a potential are always non-normalizable. The background described by (3.1) is not perturbatively well-defined since the string coupling g s = exp(Φ) grows exponentially, and there is a strong coupling singularity (in the Einstein frame metric) at x 1 → −∞. The usual way in which this problem is evaded is by turning on a potential, corresponding to a non-normalizable state, that prevents strings from propagating into the strong coupling region.
A semi-localized tachyon
Consider the localized operator with the Sine-Liouville potential at an arbitrary radius R (and
This can be thought of as a particular mode of the winding number one ground state of the string. In Type II string theory the SS periodicity conditions imply that the ground state is projected out at even winding number, but kept at odd winding number. We can compute the mass of this state by requiring that the total scaling dimension be 1 in the bosonic case and 1/2 in the Type II case. Using Q 2 = 1/(k − 2) for the bosonic string and Q 2 = 1/k for the Type II string (since we will want to relate this to the (deformed) cigar) we find
The state associated with the Sine-Liouville potential is therefore tachyonic for R < √ k, indicating that the KK (or SS in the Type II case) linear dilaton background becomes perturbatively unstable below R = √ k.
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The semi-localized tachyon (3.4) describes a particular non-uniform mode of the closed string tachyon, in which the tachyon condenses in the strong coupling regime x 1 < 0. At the critical radius R = √ k this mode is exactly marginal, and the deformed CFT which describes the corresponding condensate is given by the Sine-Liouville model (2.6) tensored with R × M D−3 .
The semi-localized tachyon background provides the potential which prevents strings from propagating into the strong coupling region. In this sense it effectively eliminates that part of the spacetime in which it condenses, which includes the singularity at x 1 → −∞. A more precise spacetime picture will emerge from the dual cigar CFT in the next section.
Semi-classical instability at
FZZ duality implies that the semi-localized tachyon condensate at the critical radius R = √ k in the KK linear dilaton background is equivalent to the background given by cigar × R × M D−3 :
This provides a clear spacetime interpretation of the semi-localized tachyon condensate, whereby the half of spacetime containing the strong coupling region is excised. But what is even more intriguing is that in the dual picture the background is actually a type of "bubble of nothing". To see this we introduce a new radial coordinate
and change to the Einstein frame
The size of the φ-circle shrinks to zero as ρ → 1, so the region 0 ≤ ρ < 1 is excised from the space, forming a static "bubble of nothing". The usual expanding bubble picture is obtained by changing to the coordinates
in terms of which the ρ, t part of the metric is asymptotically flat. In these coordinates the surface of the bubble is at
. The bubble appears at time v = 0, and expands with time v at a speed approaching the speed of light (Fig. 3) . This strongly suggests that the spacetime described by (3.6) can be identified as the post-decay spacetime resulting from a bounce in the KK linear dilaton background at R = √ k. The bounce is described by the Euclidean geometry
where τ = it. Single-valuedness in the (u, v) plane requires a definite periodicity for τ ,
The bubble corresponds to the Lorentzian continuation of the Euclidean geometry at the turning points τ 1 = 0 and (Fig. 3) . Note that unlike the ordinary KK bubble [1] the Lorentzian geometry here actually consists of two identical disconnected components. We should therefore think of the original background as two copies of the KK linear dilaton, each of which decays into one of these components (Fig. 4) .
Generalization to R > √ k
For R > √ k the Sine-Liouville operator (3.4) is irrelevant, corresponding to a massive state. In this case the KK linear dilaton background is perturbatively stable. On the other hand we can deform the three-dimensional cigar × R part of the spacetime (3.6) to a spacetime (2.13) with R > √ k, which suggests a generalization of the cigar bounce instability. We are actually interested in a slight variation of the deformed background given by
where φ ∼ φ + 2π and t ∼ t + 2π. As we explained in the previous section, this corresponds to the N-fold cover of the coset (SL(2, R)×U(1))/U(1). We will eventually take N → ∞ to get non-compact time. We have also added a constant term to the (φ, t) component of the B field so that it vanishes at r → ∞. This background asymptotes to
The Einstein metric is given by
, (3.14) 12 We are suppressing the components of the B field on the S 3 .
so the surface of the bubble is now at ρ = [α/(α − 1)] 1/(D−2) . We can again define 2d asymptotically flat coordinates 15) such that the surface of the bubble expands in time v. The bounce is given by the Euclidean continuation of (3.12) with τ = iNt, 16) and the same dilaton. Single-valuedness in the (u, v) coordinates now requires a periodicity
Note that the asymptotic radius in the τ direction is given by R τ = (D − 2) √ k/2, independent of α. Here the continuation makes B complex (the S 3 part is real, and the φ, t part is imaginary), but this is acceptable in a Euclidean configuration [57, 58, 59] . We therefore claim that (3.12) corresponds to the post-decay background of the KK linear dilaton for R > √ k. Note that the Euclidean geometry (3.12) with α < 0 is also asymptotic to a cylinder, this time with radius R = k|α|/(|α| + 1), which is smaller than √ k. Upon analytically continuing to Lorentzian signature by replacing t → it, this seems to give a deformation of the cigar to R < √ k, and therefore a bounce instability in the regime where the semi-localized state (3.4) is tachyonic. Now, however, the Lorentzian background has a complex B field, so this is not a physical background. This is consistent with our expectation that for R < √ k there should not be a bounce instability.
Classical decay rate
The classical rate of decay is estimated as exp(−I), where I is the Euclidean action of the bounce [60] . To be specific we will consider the cases of the bosonic and Type II strings on
, where the (D − 6)-dimensional part is compactified on a torus with volume V D−6 in order to have a finite action. The radius of the S 3 is
given by the level N of the SU(2), which for large k is N ∼ k. The Euclidean metric which defines the bounce is given in this case by
where φ ∼ φ + 2π, τ ∼ τ + 2πβ, and dΩ 3 is the volume form of S 3 . The total Euclidean three form field strength is given by
Since there are no background RR fields in the Type II case the bulk part of the action is given by
for both the bosonic and Type II strings. In evaluating the Euclidean action for the bounce two kinds of boundary terms need to be included. The first is the Gibbons Hawking term [61, 62] , which cancels the second derivative terms in the Einstein action,
The subscript E denotes that these quantities are defined with respect to the Einstein frame. h E is the induced metric on the boundary at r → ∞, K E is the extrinsic curvature of the boundary
and
E is the extrinsic curvature of the boundary in the background metric (the metric for the asymptotic geometry). The second boundary term comes from the Euclidean action of the background metric I bg , which serves as a regularization term (see for example [63] ). 13 The regularized Euclidean action is thus
The computation is simplified somewhat using the equations of motion, which give
The different terms are given by
Putting it all together we find that the rate of decay is given by
We would like to make two comments about this result. First, the decay rate vanishes in the limit α → 1, which corresponds to an infinite radius. This is consistent with the fact that the background is stable in this limit; for Type II strings the background becomes supersymmetric, and therefore absolutely stable, and for the bosonic string it is stable up to the usual winding number 0 tachyon. 14 Second, in the limit α → ∞, corresponding to the critical radius R = √ k, the decay rate is still exponentially small. This is somewhat surprising since this is the point where the semi-localized tachyon appears, and we would expect an O(1) decay rate. The same thing happens in the decay of the ordinary KK vacuum [1] , namely the decay rate remains exponentially small at the critical radius. But there the semiclassical description breaks down at the critical radius, which is R ∼ O(1), whereas in our case the semi-classical picture continues to hold as long as k ≫ 1. We will come back to this point in the next section.
Tachyon bounce
The picture that emerges is that the KK linear dilaton background is unstable to the decay of half of spacetime for all R. For R < √ k the instability is described by a semilocalized tachyonic mode, and for R > √ k it corresponds to a gravitational bounce.
14 Note that the two limits r → ∞ and α → 1 do not commute. The limit α → 1 of (3.12) with r finite is AdS 3 × M D−3 . Here we first take r → ∞ and then α → 1, which corresponds to our interpretation of the α → 1 limit as the post-decay geometry for
The two descriptions meet at R = √ k, where they are related by FZZ duality. The situation is analogous to the λφ 4 field theory model with λ < 0. The φ = 0 state is unstable to decay via rolling for m 2 < 0, and via tunneling for m 2 > 0. In the related setting of finite temperature string theory, Barbon and Rabinovici have argued that at temperatures below the Hagedorn temperature, the background would decay into a bubble of nothing by a tunneling process of the massive thermal tachyon [33] . This can be put on firm footing in the context of the KK linear dilaton.
Consider first the critical radius R = √ k. In this case the dual descriptions of the post-decay background are the cigar-bubble (3.6) on one side, and the static tachyon configuration
on the other. For large x 1 we can express this configuration in terms of the asymptotically flat coordinates (u, v) as
which is a time-dependent configuration. The bounce corresponds to
This is a tunneling process. At v E → −∞ the field T E vanishes, and at the turning point v E = 0 it takes its maximal value. This is where the Lorentzian evolution (4.2) takes over, and the field T proceeds to increase with time v. In this case the field is actually massless, so apparently this describes some sort of barrier-less tunneling (see [64] for field theory examples of barrier-less tunneling). This is also consistent with the fact that the classical rate of decay (3.28) was exponentially suppressed even at the critical radius. For R > √ k the post-decay background is given by (3.12) . Since in the T-dual picture this can again be described as a cigar, modulo a certain identification (see Appendix), we can use FZZ duality again to get a dual tachyon configuration:
where the coordinate x 2 is related asymptotically to the cigar coordinate φ as x 2 ∼ √ k φ. Using (A.2) we can express this in terms of the asymptotic flat KK linear dilaton (and time) coordinates as
In terms of the (u, v) coordinates this becomes
The Euclidean continuation is complex
This can also be seen in the original deformed background (3.12) , where the B field becomes complex after Wick-rotation, or in the T-dual background (A.1), where the metric becomes complex. The bounce in this case is not time-reversal symmetric, since the imaginary part of (4.7) is odd under time reversal. This is similar to a system with friction. The friction term in the action breaks time-reversal symmetry, and in the Euclidean theory it becomes imaginary, rendering the solution complex. The posttunneling evolution is given by analytically continuing the Euclidean solution at v E = 0 to the Lorentzian solution (4.6) at v = 0. An unusual property in this case is that the evolution begins with a non-zero velocity, which is associated with the imaginary part of the Euclidean solution. 
Where is the negative mode?
We have seen that the background (3.12) is asymptotic to the KK linear dilaton with R ≥ √ k, and we have computed the action of its Euclidean continuation (3.16). However a crucial requirement for the Euclidean background to correspond to a bounce is the existence of a negative mode in its spectrum. This is because the rate of decay including the one-loop contribution is [65] 
where ∆ bounce and ∆ 0 are the quadratic forms of the fluctuations in the bounce and in the Euclidean continuation of the pre-decay background, respectively. So we need to determine if the Euclidean background (3.16) possesses a negative mode, which the Euclidean continuation of the KK linear dilaton background does not. A negative mode corresponds to an operator with (holomorphic) scaling dimension less than 1 in the bosonic case, and less than 1/2 in the Type II case. The spectrum of the Euclidean background can be determined formally as in the Lorentzian case (see Appendix), by relating it via T-duality along τ to a cigar. The resulting scaling dimensions can be read off from (A.7) by replacing
which gives
For the bulk states, i.e. the states with j = −1/2 + is, this is the correct thing to do. In particular this gives normalizable states with real scaling dimensions. This is exactly the same spectrum of bulk states as in the Euclidean continuation of the predecay KK linear dilaton background, and so will not contribute in (5.1). The required negative mode must therefore come from a localized state. The problem is that the replacements (5.2) generally give complex scaling dimensions for the localized states, as can be inferred from the relations (A.9), (A.5) and (A.6). 16 We have not resolved this problem, and it is not completely clear to us whether and how the negative mode appears in the spectrum of localized states. However let us outline a number of proposals which may lead to a resolution. for the bosonic string
for the Type II string (5.4) the ground state with n φ = 0 and w φ = 1 has the scaling dimension
for the bosonic string for the Type II string . (5.5) 16 A similar thing happens to the discrete series in the Euclidean continuation of AdS 3 [66] . The SL(2, R) quantum numbers are related as m = ±(j + l) andm = ±(j +l), where l,l ∈ Z + . On the other hand m andm are related to the energy and angular momentum in AdS 3 as m = (E + P θ )/2 andm = (E − P θ )/2. The replacement E → iE therefore makes j, and with it the scaling dimension, complex for these states. 17 More precisely, one needs α > k ≫ 1 for the value of j not to exceed the upper bound. For smaller α, one must choose larger l in (A.9). For a given l, α has to be greater than k/(2l − 1).
This corresponds to a negative mode. In the cigar limit α → ∞ it becomes a zero mode, so the one-loop decay rate vanishes. We expect that higher loop corrections render the decay rate finite in this limit.
2. For α ∼ O(1) the above mode is positive, since the winding contribution to the scaling dimension grows indefinitely as α → 1, whereas the j dependent part is O(k). There can however be negative modes with w φ = 0 at the first excited level (in the bosonic string there are additional negative modes at the ground state).
For example the state with n φ = k and j = (k − 2)/2 in the Type II case has a scaling dimension
which corresponds to a negative mode if α < k/2. It is tempting to conjecture that this state supplies the required negative mode for small α, and the winding state above supplies the negative mode for large α.
3. An alternative possibility, following a similar proposal in [66] , is to drop the i in the replacements (5.2) for the localized states. This gives non-normalizable states with real scaling dimensions in the Euclidean theory. It isn't difficult to see that one can get arbitrarily negative scaling dimensions with large n 
Conclusions
The Kaluza-Klein compactification of the bosonic string, and similarly the ScherkSchwarz compactification of Type II strings, in a linear dilaton background, exhibits a semi-localized instability, described by a semi-localized winding tachyon when R ≤ √ k, and by a gravitational bounce when R ≥ √ k. At R = √ k the tachyon condensate is described by the Sine-Liouville model, and the bounce corresponds to the cigar CFT. The conjectured equivalence of the two models provides the first explicit connection between a tachyonic instability and a semiclassical instability, and implies that the tachyon condensate (at the critical radius) corresponds to a smooth semi-infinite truncation of space. The geometrical picture extends to R > √ k, where the bounce corresponds to a three-dimensional deformation of the cigar.
In this paper we have not discussed much the regime R < √ k, where the decay proceeds via a condensation of the semi-localized tachyon. The dynamical evolution of the condensation will be described by a rolling tachyon. The tachyon profile can be guessed from the R > √ k case (4.5). We propose that it takes the form T ∼ λe −x 1 /Q cos( αk/(α − 1)x ′ 2 − k/(α − 1)x 0 ) + c.c. with α < 0. However, this represents an s-brane-like [67] process rather than a rolling process. To obtain a rolling process, one shifts x 0 → x 0 + log λ/ k/(|α| + 1) and then takes the limit λ → 0. We believe that T is not only marginal but an exactly marginal operator, and the corresponding CFT is tractable by properly extending the results of [68] . It is not clear if FZZ duality extends to this case. However, it is tempting to speculate that the rolling tachyon does have a spacetime dual description where the spacetime is time dependent and consists of two copies of a cigar whose tips recede as time goes by. The entire spacetime eventually disappears in the infinite future, which is where the tachyon condensate becomes infinite.
With these identifications the background does not correspond to a simple orbifold of the cigar × U(1) CFT, but we can still determine the spectrum by imposing invariance of the cigar × U(1) spectrum. By FZZ duality we know that the vertex operators are asymptotically given by e −2(j+1)r e i( n φ +k w φ ) φ L +i( n φ −k w φ ) φ R e −i( n ′ t +kα w ′ t ) t ′ L −i( n ′ t −kα w ′ t ) t ′
